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A CRITERION FOR THE EXISTENCE OF A PLANE MODEL WITH
TWO INNER GALOIS POINTS FOR ALGEBRAIC CURVES
KAZUKI HIGASHINE
Abstract. A criterion for the existence of a plane model with two non-smooth Galois
points for algebraic curves is presented, which is a generalization of Fukasawa’s criterion
for two smooth Galois points. Owing to this generalized criterion, multiplicities and
order sequences at Galois points can be described in detail.
1. Introduction
Let k be an algebraically closed field of characteristic p ≥ 0, and let C ⊂ P2 be an
irreducible (possibly singular) plane curve of degree d ≥ 4 over k. For points P , Q ∈ P2
with P 6= Q, the line passing through P , Q is denoted by PQ. We consider the projection
πP : C 99K P
1;Q 7→ PQ with the center P ∈ P2. If the field extension k(C)/π∗P k(P
1) of
function fields induced by πP is Galois, then P is called a Galois point for C. This notion
was introduced in 1996 by Yoshihara (see [3, 13, 16]). For a Galois point P , the associated
Galois group GP = Gal(k(C)/π
∗
P k(P
1)) is called a Galois group at P . Furthermore, a
Galois point P is called a smooth Galois point (resp. a non-smooth Galois point, an inner
Galois point, an outer Galois point) if P is a smooth point of C (resp. a singular point of
C, a point contained in C, a point not contained in C), after [11, 12, 15].
In 2016, Fukasawa [5] presented a criterion for the existence of a birational embedding
of a smooth projective curve into a projective plane with two smooth Galois points and
obtained new examples of plane curves with two smooth Galois points by using this crite-
rion. On the other hand, there have been some known examples of plane curves with two
or more non-smooth Galois points. For example, the Ballico-Hefez curve ([4, Theorem
1]), some self-dual curves ([9, Theorem 17]), the (plane model of) Giulietti-Korchma´ros
curve ([8, Theorem 2]), the (q3, q2)-Frobenius nonclassical curve ([1, Theorem 1]), and
the Artin-Schreier-Mumford curve (proof of [6, Theorem 1]). However, only few research
studies have focused on non-smooth Galois points. Takahashi [15] studied a plane quintic
curve with a double-point P and determined defining equations when P is a Galois point.
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This is the only study that focused on a non-smooth Galois point known so far. In or-
der to study non-smooth Galois points systematically, it is good to have a criterion for
non-smooth Galois points.
In this article, we extend Fukasawa’s criterion [5, Theorem 1] to all cases with two
(possibly non-smooth) Galois points. Let X be a (reduced irreducible) smooth projective
curve over k, and let k(X) be its function field. The full automorphism group of X is
denoted by Aut(X). For a finite subgroup G ⊂ Aut(X) and a point P ∈ X, the stabilizer
of P in G (resp. the orbit of P under G) is denoted by G(P ) (resp. G · P ). Furthermore,
the quotient curve of X by G, that is, the smooth projective curve corresponding to the
fixed field of k(X) by G, is denoted by X/G. The following theorem is the main theorem.
Theorem 1. Let G1, G2 be finite subgroups of Aut(X) and let P1, P2 be different points
of X. We put O = (G1 · P2) ∪ (G2 · P1). We consider the two divisors on X;
• BsP1 = |G2(P1)|
∑
Q∈O\G1·P2
Q+ (|G2(P1)| − |G1(P2)|)
∑
R∈G1·P2∩G2·P1
R,
• BsP2 = |G1(P2)|
∑
S∈O\G2·P1
S.
Then the four conditions
(a) X/G1 ∼= P
1,X/G2 ∼= P
1,
(b) G1 ∩G2 = {1},
(c) BsP1 ≥ P1,BsP2 ≥ P2, and
(d) BsP1 +
∑
σ∈G1
σ(P2) = BsP2 +
∑
τ∈G2
τ(P1),
are satidfied, if and only if there exists a birational embedding ϕ : X → P2 of degree
|G1| + deg(BsP1) = |G2| + deg(BsP2) such that ϕ(P1), ϕ(P2) are different inner Galois
points for ϕ(X), and Gϕ(P1), Gϕ(P2) coincide with G1, G2 respectively, and ϕ(P1)ϕ(P2) is
not a tangent line at ϕ(P2).
By Theorem 1 and its proof, we have the following.
Proposition 2. Let ϕ be as in Theorem 1, and Λ be the linear system on X corresponding
to the morphism ϕ. Then the following hold.
(1) The multiplicity mϕ(P1) of ϕ(X) at ϕ(P1) is equal to |G2(P1)| · |O \ G1 · P2| +
(|G2(P1)| − |G1(P2|) · |G1 · P2 ∩G2 · P1|.
(2) The multiplicity mϕ(P2) of ϕ(X) at ϕ(P2) is equal to |G1(P2)| · |O \G2 · P1|.
(3) If P ∈ ϕ−1(ϕ(P1)) and ϕ(P1)ϕ(P2) is not the osculating line at P , then the second
(Λ, P )-order coincides with |G2(P1)|.
(4) If P ∈ ϕ−1(ϕ(P1)) and ϕ(P1)ϕ(P2) is the osculating line at P , then the second
(Λ, P )-order coincides with |G2(P1)| − |G1(P2)|, and the third (Λ, P )-order coin-
cides with |G2(P1)|.
(5) If P ∈ ϕ−1(ϕ(P2)), then the second (Λ, P )-order coincides with |G1(P2)|.
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To explain the usefulness of Theorem 1, we apply our criterion to rational curves.
Theorem 3. There exist the following birational embeddings ϕ : P1 → P2.
(1) p = 3, deg(ϕ(P1)) = 14 and there exist two non-smooth Galois points ϕ(P1) and
ϕ(P2) ∈ ϕ(P
1) such that mϕ(P1) = 8,mϕ(P2) = 4, Gϕ(P1)
∼= AGL(1,F3), Gϕ(P2)
∼=
D5, and ϕ(P1)ϕ(P2) is not a tangent line at ϕ(P1) and ϕ(P2).
(2) p 6= 2, 5, deg(ϕ(P1)) = 16 and there exist two non-smooth Galois points ϕ(P1) and
ϕ(P2) ∈ ϕ(P
1) such that mϕ(P1) = 11,mϕ(P2) = 4, Gϕ(P1)
∼= Z/5Z, Gϕ(P2)
∼= A4,
and ϕ(P1)ϕ(P2) is a tangent line at ϕ(P1) but not at ϕ(P2).
(3) p 6= 2, 5, deg(ϕ(P1)) = 28 and there exist two non-smooth Galois points ϕ(P1) and
ϕ(P2) ∈ ϕ(P
1) such that mϕ(P1) = 23,mϕ(P2) = 4, Gϕ(P1)
∼= Z/5Z, Gϕ(P2)
∼= S4,
and ϕ(P1)ϕ(P2) is a tangent line at ϕ(P1) but not at ϕ(P2).
In more detail, we can calculate order sequences at each point contained in the support
of the divisor ϕ∗ϕ(P1)ϕ(P2) (see Remark 8).
2. Preliminaries
We recall some notations and facts. Let ϕ : X → P2 be a morphism, which is birational
onto its image. Such morphism ϕ is called a birational embedding of X to P2. First,
we recall the notion of order sequences (see [10, Capter 7]). For a line L ⊂ P2, the
intersection divisor of ϕ(X) and L on X is denoted by ϕ∗L. Note that Λ = {ϕ∗L |
L is a line contained in P2} is the linear system on X corresponding to the morphism ϕ.
The support of the divisor ϕ∗L is denoted by supp(ϕ∗L). For a point P ∈ X, the order
of ϕ∗L at P is denoted by ordP (ϕ
∗L). We put αP = min{ordP (ϕ
∗L) | ϕ∗L ∈ Λ, P ∈
supp(ϕ∗L)}. Then there exists a unique line L˜ such that βP = ordP (ϕ
∗(L˜)) > αP . We
call the line L˜ the osculating line at P , and we call the sequence (0, αP , βP ) the (Λ, P )-
order sequence at P . A line L˜ passing through ϕ(P ) is called a tangent line at ϕ(P ) if L˜ is
the osculating line at a point contained in ϕ−1(ϕ(P )). Note that a line L˜ is a tangent line
at ϕ(P ) if and only if mϕ(P ) < Iϕ(P )(ϕ(X), L˜), where Iϕ(P )(ϕ(X), L˜) is the intersection
multiplicity of ϕ(X) and L˜ at ϕ(P ).
Next, we consider the projection πϕ(P ), and we put πˆϕ(P ) = πϕ(P ) ◦ ϕ : X → P
1. We
recall some properties of a ramification index of πˆϕ(P ). We put ϕ
−1(ϕ(P )) = {P1, . . . , Pn}.
Let (0, αPi , βPi) be the (Λ, Pi)-order sequence for i = 1, . . . , n. The ramification index of
πˆϕ(P ) at a point Q ∈ X is denoted by eQ(πˆϕ(P )). Then the following fact is well-known.
Fact 4. Let Q ∈ X \ {P1, . . . , Pn}.
(1) The equality eQ(πˆϕ(P )) = ordQ(ϕ
∗ϕ(P )ϕ(Q)) holds.
(2) The equality ePi(πˆϕ(P )) = βPi − αPi holds for i = 1, . . . , n.
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Finally, we recall some properties of a Galois covering for the proof of our main theorem
(see [14, III. 7.1, 7.2 and 8.2]).
Fact 5. Let θ : X → Y be a surjective morphism of smooth projective curves, and let
the field extension k(X)/θ∗k(Y ) be a Galois extension with the Galois group G. Then the
following hold.
(1) If P,Q ∈ X, θ(P ) = θ(Q), then there exists an element σ ∈ G such that σ(P ) = Q.
(2) If P,Q ∈ X, θ(P ) = θ(Q), then eP (θ) = eQ(θ).
(3) For each point P ∈ X, the order |G(P )| is equal to eP (θ).
3. Proof of Theorem 1
The same notations are used as in the previous section. The following lemma shows
that Theorem 1 describes all cases with two inner Galois points.
Lemma 6. Let P1, P2 ∈ X, and let ϕ(P1), ϕ(P2) be different inner Galois points. Then
mϕ(P1) = Iϕ(P1)(ϕ(X), L) or mϕ(P2) = Iϕ(P2)(ϕ(X), L) holds.
Proof. We put ϕ−1(ϕ(P1)) = {P11 = P1, P12, . . . , P1n1} and ϕ
−1(ϕ(P2)) = {P21 =
P2, P22, . . . , P2n2}. Let (0, αPij , βPij ) be the (Λ, Pij)-order sequence for i, j. Assume by
contradiction that mϕ(P1) < Iϕ(P1)(ϕ(X), L) and mϕ(P2) < Iϕ(P2)(ϕ(X), L) hold. By Fact
5, the ramification index of πˆϕ(P1) (resp. πˆϕ(P2)) at each point contained in ϕ
−1(ϕ(P2))
(resp. ϕ−1(ϕ(P1))) coincides with |Gϕ(P1)(P2)| (resp. |Gϕ(P2)(P1)|). By Fact 4 (1) and
Fact 5, |Gϕ(P1)(P2)| (resp. |Gϕ(P2)(P1)|) coincides with ordP2j (ϕ
∗L) for each j (resp.
ordP1i(ϕ
∗L) for each i). Since L is a tangent line at ϕ(P1) (resp. ϕ(P2)), there exists i0
(resp. j0) such that βP1i0 = ordP1i0 (ϕ
∗L) (resp. βP2j0 = ordP2j0 (ϕ
∗L)). By Fact 4 (2) and
Fact 5, |Gϕ(P1)(P2)| = βP1i0 − αP1i0 (resp. |Gϕ(P2)(P1)| = βP2j0 − αP2j0 ) holds. Therefore,
we have a contradiction as follows:
|Gϕ(P2)(P1)| < |Gϕ(P2)(P1)|+ αP2j0 = βP2j0 = ordP2j0 (ϕ
∗L) = |Gϕ(P1)(P2)|
< |Gϕ(P1)(P2)|+ αP1i0 = βP1i0 = ordP1i0 (ϕ
∗L) = |Gϕ(P2)(P1)|.

Proof of Theorem 1. We consider the only-if part. Assume that conditions (a), (b),
(c), and (d) of Theorem 1 are satisfied. Let D be the divisor given below:
D = BsP1 +
∑
σ∈G1
σ(P2).
By condition (d), the following equality of divisors holds:
D = BsP2 +
∑
τ∈G2
τ(P1).
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Let f, g ∈ k(X) be the generators of k(X)G1 , k(X)G2 such that (f)∞ = D−BsP1 , (g)∞ =
D − BsP2 , by condition (a), where (f)∞ (resp. (g)∞) is the pole divisor of f (resp. g).
Then f, g ∈ L(D). We consider the morphism ϕ = (f : g : 1) : X → P2. First, we show
that the equality ϕ(P1) = (0 : 1 : 0) holds. We put ng = ordP1((g)∞). Note that ng is
equal to |G2(P1)|. Let tP1 be a uniformizer at P1. If P1 6∈ supp((f)∞), then
ordP1(t
ng
P1
f) = ng + ordP1(f) ≥ ng > 0
holds. If P1 ∈ supp((f)∞), then P1 ∈ (G1 ·P2)∩ (G2 ·P1). Since the inequality BsP1 ≥ P1
of divisors holds by condition (c), we have
ordP1(t
ng
P1
f) = |G2(P1)| − |G1(P2)| > 0.
Therefore, the equality ϕ(P1) = (0 : 1 : 0) holds. Since the inequality BsP2 ≥ P2 of
divisors holds by condition (c), we have P2 6∈ G2 · P1 = supp((g)∞). Therefore, the
equality ϕ(P2) = (1 : 0 : 0) holds. Similar to the proof of [5, Proposition 1], by condition
(b), we can show that the morphism ϕ is birational onto its image. Since supp((f) +
D) ∩ supp((g) +D) ∩ supp(D) = ∅, the sublinear system Λ of the complete linear system
|D| corresponding to 〈f, g, 1〉 is base-point-free. Therefore, the equalities deg(ϕ(X)) =
deg(D) = |G1|+ deg(BsP1) = |G2|+ deg(BsP2) hold. The morphism (f : 1) (resp. (g : 1))
coincides with the projection from the point ϕ(P1) = (0 : 1 : 0) (resp. ϕ(P2) = (1 : 0 : 0)).
Finally, we show that the line L = ϕ(P1)ϕ(P2) is not a tangent line at ϕ(P2). Assume by
contradiction that L is a tangent line at ϕ(P2). Then there exists a point R ∈ ϕ
−1(ϕ(P2))
such that R ∈ G2 · P1. Let (0, α, β) be the (Λ, R)-order sequence. Note that the equality
β = ordR(ϕ
∗L) holds. Since the inequality BsP1 ≥ P1 of divisors holds by condition (c),
we have the inequality |G2(P1)| − |G1(P2)| ≥ 0. On the other hand, by Fact 4 (1) and
Fact 5, the equality |G1(P2)| = ordR(ϕ
∗L) holds. Therefore, by Fact 4 (2) and Fact 5, we
have |G1(P2)| = β > β − α = |G2(P1)|. This is a contradiction.
We consider the if part. Assume that ϕ : X → P2 is a birational embedding of degree
|G1| + deg(BsP1) = |G2| + deg(BsP2) such that ϕ(P1), ϕ(P2) are different inner Galois
points for ϕ(X), and Gϕ(P1), Gϕ(P2) coincide with G1, G2 respectively, and ϕ(P1)ϕ(P2) is
not a tangent line at ϕ(P2). Let Λ be the linear system corresponding to the morphism ϕ.
We put ϕ−1(ϕ(P1)) = {P11 = P1, P12, . . . , P1n1}, ϕ
−1(ϕ(P2)) = {P21 = P2, P22, . . . , P2n2}.
Let (0, αPij , βPij ) be the (Λ, Pij)-order sequence for i, j. Since k(X)
Gi = (πˆϕ(Pi))
∗(k(P1)) ∼=
k(P1) for i = 1, 2, condition (a) is satisfied. Similar to the proof of [5, Theorem 1], condition
(b) is satisfied. We put L = ϕ(P1)ϕ(P2), and we consider the divisor D = ϕ
∗L. Since the
linear system corresponding to πˆϕ(P1) (resp. πˆϕ(P2)) is {E −
∑n1
i=1 αP1iP1i | E ∈ Λ} (resp.
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{E −
∑n2
j=1 αP2jP2j | E ∈ Λ}) and πˆϕ(P1) (resp. πˆϕ(P2)) is a Galois covering,
(πˆϕ(P1))
∗(L) = D −
n1∑
i=1
αP1iP1i =
∑
σ∈G1
σ(P2)
(resp. (πˆϕ(P2))
∗(L) = D −
n2∑
j=1
αP2jP2j =
∑
τ∈G2
τ(P1))
holds. Since L is not a tangent line at the point ϕ(P2), the intersection of two sets G2 ·P1
and ϕ−1(ϕ(P2)) is the empty set. By Fact 4 (1) and Fact 5, the equalities |G1(P2)| =
eP2j (πˆϕ(P1)) = ordP2j (ϕ
∗(L)) hold for all j. Therefore, the equality αP2j = |G1(P2)| holds
for all j, and we have the equalities
D = ϕ∗L =
n2∑
j=1
|G1(P2)|P2j +
∑
τ∈G2
τ(P1) = BsP2 +
∑
τ∈G2
τ(P1).
The equalities |G2(P1)| = eP1i(πˆϕ(P2)) = ordP1i(ϕ
∗(L)) also hold for all i. We prove the
equality D = BsP1 +
∑
σ∈G1
σ(P2) in three cases:
( i ) We assume that L is not a tangent line at ϕ(P1) with (L∩ϕ(X))\{ϕ(P1), ϕ(P2)} 6= ∅.
We take a point Q ∈ ϕ−1((L ∩ ϕ(X)) \ {ϕ(P1), ϕ(P2)}). By Fact 4 (1) and Fact 5, the
equalities |G2(P1)| = ordQ(ϕ
∗(L)) = |G1(P2)| hold. Therefore, we have the equality
(|G2(P1)| − |G1(P2)|)
∑
R∈G1·P2∩G2·P1
R = 0.
Since L is not a tangent line at ϕ(P1), the intersection of two sets G1 ·P2 and ϕ
−1(ϕ(P1))
is the empty set. Therefore, the equality αP1i = |G2(P1)| holds for all i, and we have the
equalities
D = ϕ∗L =
n1∑
i=1
|G2(P1)|P1i +
∑
σ∈G1
σ(P2) = BsP1 +
∑
σ∈G1
σ(P2).
(ii) We assume that L is not a tangent line at ϕ(P1) with (L∩ϕ(X))\{ϕ(P1), ϕ(P2)} = ∅.
Then G1 ·P2 = ϕ
−1(ϕ(P2)), G2 ·P1 = ϕ
−1(ϕ(P1)), and G1 ·P2∩G2 ·P1 = ∅ hold. Therefore,
the equality αP1i = |G2(P1)| holds for all i, and we have
(|G2(P1)| − |G1(P2)|)
∑
R∈G1·P2∩G2·P1
R = 0,
D = ϕ∗L =
n1∑
i=1
|G2(P1)|P1i +
∑
σ∈G1
σ(P2) = BsP1 +
∑
σ∈G1
σ(P2).
(iii) We assume that L is a tangent line at ϕ(P1). We consider two sets
W = {P1i ∈ ϕ
−1(ϕ(P1)) | 1 ≤ i ≤ n1, ordP1iϕ
∗L = βP1i},
W ′ = {P1i ∈ ϕ
−1(ϕ(P1)) | 1 ≤ i ≤ n1, ordP1iϕ
∗L = αP1i}.
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Note that ϕ−1(ϕ(P1)) = W ∪W
′, W 6= ∅, and G1 · P2 ∩ ϕ
−1(ϕ(P1)) = W hold. For each
point P1i ∈ W
′, the equalities |G2(P1)| = ordP1iϕ
∗L = αP1i hold. On the other hand,
for each point P1i ∈ W , the equalities |G2(P1)| = ordP1iϕ
∗L = βP1i hold. By Fact 4 (2)
and Fact 5, the equality |G1(P2)| = βP1i − αP1i holds for each point P1i ∈ W . Therefore,
the equality αP1i = |G2(P1)| − |G1(P2)| holds for each point P1i ∈ W , and we have the
equality
n1∑
i=1
αP1iP1i =
∑
P1i∈W ′
|G2(P1)|P1i +
∑
P1i∈W
(|G2(P1)| − |G1(P2)|)P1i.
We show that O \ G1 · P2 = W
′ and G1 · P2 ∩ G2 · P1 = W hold. If (L ∩ ϕ(X)) \
{ϕ(P1), ϕ(P2)} 6= ∅, then the equality |G2(P1)| = |G1(P2)| holds. Since |G2(P1)| −
|G1(P2)| > 0, this is a contradiction. Therefore, L ∩ ϕ(X) = {ϕ(P1), ϕ(P2)}. It is not
difficult to check that G1 ·P2 = (ϕ
−1(ϕ(P2)))∪W and G2 ·P1 = ϕ
−1(ϕ(P1)) hold, and we
have the equalities
D = ϕ∗L =
∑
Q∈O\G1·P2
|G2(P1)|Q+
∑
R∈G1·P2∩G2·P1
(|G2(P1)| − |G1(P2)|)R+
∑
σ∈G1
σ(P2)
= BsP1 +
∑
σ∈G1
σ(P2).

Let ϕ be as in Theorem 1, and Λ be the linear system on X corresponding to the
morphism ϕ. In general, for a plane curve C of degree d and a point P on C, the degree
of the projection with the center P is d−mP . Therefore, Proposition 2 (1) and (2) follow
directly from Theorem 1. By the calculations of the divisor D = ϕ∗L in the proof of
Theorem 1, Proposition 2 (3), (4) and (5) follow.
Remark 7. In [7], Fukasawa presented a criterion for the existence of a birational em-
bedding with smooth and outer Galois points. Similar to the proof of Theorem 1, we can
extend the criterion to non-smooth and outer Galois points. The necessary and sufficient
conditions for the existence of a birational embedding with inner and outer Galois points
are conditions (a), (b) in Theorem 1, and there exist η ∈ G2 and P ∈ X such that
(c)’ BsP = |G2(P )|
∑
Q∈(G2·P )−(G1·η(P ))
Q+(|G2(P )|− |G1(η(P ))|)
∑
R∈G1·η(P )
R ≥ P ,
(d)’ BsP +
∑
σ∈G1
σ(η(P )) =
∑
τ∈G2
τ(P ).
4. Proof of Theorem 3
We apply Theorem 1 to rational curves. In this case, condition (a) in Theorem 1 is
always satisfied, by Lu¨roth’s theorem. We identify Aut(P1) with the projective linear
group PGL(2, k). We put Q∞ = (1 : 0), Qa = (a : 1) ∈ P
1 for any a ∈ k.
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Proof of Theorem 3. Let p 6= 2, 5, let i ∈ k be a root of the polynomial T 2 + 1 ∈ k[T ],
and let ξ be a primitive fifth root of unity.
(1). Let p = 3, and let P1 = Qξ, P2 = Q0. We consider two sets:
G1 =
〈[
1 1
0 1
]〉〈[
1 0
0 −1
]〉
, G2 =
〈[
ξ 0
0 1
]〉〈[
0 1
1 0
]〉
.
It is known that
G1 =
〈[
1 1
0 1
]〉
⋊
〈[
1 0
0 −1
]〉
∼= AGL(1,F3),
G2 =
〈[
ξ 0
0 1
]〉
⋊
〈[
0 1
1 0
]〉
∼= D5,
where AGL(1, F3) is the general affine group of degree 1 over F3, D5 is the dihedral group
of degree 5 (see [2]). By direct computations, we have the equalities G1 ∩G2 = {1},
G1 · P2 = {Q−1, Q0, Q1},
G2 · P1 = {Q1, Qξ, Qξ2 , Qξ3 , Qξ4},
O = (G1 · P2) ∪ (G2 · P1) = {Q−1, Q0, Q1, Qξ, Qξ2 , Qξ3 , Qξ4},
G1(P2) =
{[
1 0
0 1
]
,
[
−1 0
0 1
]}
,
G2(P1) =
{[
1 0
0 1
]
,
[
0 ξ2
1 0
]}
,
BsP1 +
∑
σ∈G1
σ(P2) = (2Qξ + 2Qξ2 + 2Qξ3 + 2Qξ4) + (2Q−1 + 2Q0 + 2Q1),
BsP2 +
∑
τ∈G2
τ(P1) = (2Q−1 + 2Q0) + (2Q1 + 2Qξ + 2Qξ2 + 2Qξ3 + 2Qξ4).
Therefore, conditions (b), (c) and (d) in Theorem 1 are satisfied, and there exists a bi-
rational embedding ϕ : P1 → P2 of deg(ϕ(P1)) = 14 such that ϕ(P1), ϕ(P2) are different
non-smooth Galois points, Gϕ(P1)
∼= AGL(1,F3), Gϕ(P2)
∼= D5, and ϕ(P1)ϕ(P2) is not
a tangent line at ϕ(P2). By Proposition 2 (1) and (2), mϕ(P1) = 8 and mϕ(P2) = 4.
By the shape of the divisor BsP1 , the second order at each point P ∈ ϕ
−1(ϕ(P1)) is
equal to |G2(P1)| = 2. Therefore, ϕ(P1)ϕ(P2) is not the osculating line at each point
P ∈ ϕ−1(ϕ(P1)) by Proposition 2 (3) and (4), and ϕ(P1)ϕ(P2) is not a tangent line at
ϕ(P1).
(2). Let P1 = Q∞, P2 = Qξ. We consider
G1 =
〈[
ξ 0
0 1
]〉
, G2 =
〈[
1 0
0 −1
]
,
[
0 1
1 0
]〉〈[
1 i
1 −i
]〉
.
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Obviously, G1 ∼= Z/5Z, and the following equation is known.
G2 =
〈[
1 0
0 −1
]
,
[
0 1
1 0
]〉
⋊
〈[
1 i
1 −i
]〉
∼= A4,
where A4 is the alternative group of degree 4 (see [2]). Since 5 and 12 are coprime,
condition (b) in Theorem 1 is satisfied. By direct computations, we have the following
equalities:
G1 · P2 = {Q1, Qξ, Qξ2 , Qξ3 , Qξ4},
G2 · P1 = {Q−i, Q−1, Q0, Q1, Qi, Q∞},
O = (G1 · P2) ∪ (G2 · P1) = {Q−i, Q−1, Q0, Q1, Qi, Q∞, Qξ, Qξ2 , Qξ3 , Qξ4},
G1(P2) =
{[
1 0
0 1
]}
,
G2(P1) =
{[
1 0
0 1
]
,
[
1 0
0 −1
]}
,
BsP1+
∑
σ∈G1
σ(P2) = (2Q−i+2Q−1+2Q0+2Qi+2Q∞+Q1)+(Q1+Qξ+Qξ2+Qξ3+Qξ4),
BsP2 +
∑
τ∈G2
τ(P1) = (Qξ +Qξ2 +Qξ3 +Qξ4) + (2Q−i +2Q−1 +2Q0 +2Q1 +2Qi + 2Q∞).
Therefore, conditions (c) and (d) in Theorem 1 are satisfied, and there exists a birational
embedding ϕ : P1 → P2 of deg(ϕ(P1)) = 16 such that ϕ(P1), ϕ(P2) are different non-
smooth Galois points, Gϕ(P1)
∼= Z/5Z, Gϕ(P2)
∼= A4 and ϕ(P1)ϕ(P2) is not a tangent line
at ϕ(P2). By Proposition 2 (1) and (2), mϕ(P1) = 11 and mϕ(P2) = 4. By the shape of
the divisor BsP1 , the second order at the point Q1 is equal to |G2(P1)| − |G1(P2)| = 1.
Therefore, ϕ(P1)ϕ(P2) is the osculating line at Q1 by Proposition 2 (3) and (4), and
ϕ(P1)ϕ(P2) is a tangent line at ϕ(P1).
(3). Let P1 = Q∞, P2 = Qξ. We consider two groups:
G1 =
〈[
ξ 0
0 1
]〉
, G2 =
〈〈[
1 0
0 −1
]
,
[
0 1
1 0
]〉
⋊
〈[
1 i
1 −i
]〉
,
〈[
i 0
0 1
]〉〉
.
Obviously, G1 ∼= Z/5Z, and the following equation is known:〈[
1 0
0 −1
]
,
[
0 1
1 0
]〉
⋊
〈[
1 i
1 −i
]〉
⊳ G2 ∼= S4,
where S4 is the symmetric group of degree 4 (see [2]). Since 5 and 24 are coprime, condition
(b) in Theorem 1 is satisfied. By direct computations, we have the following equalities:
G1 · P2 = {Q1, Qξ, Qξ2 , Qξ3 , Qξ4},
G2 · P1 = {Q−i, Q−1, Q0, Q1, Qi, Q∞},
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O = (G1 · P2) ∪ (G2 · P1) = {Q−i, Q−1, Q0, Q1, Qi, Q∞, Qξ, Qξ2 , Qξ3 , Qξ4},
G1(P2) =
{[
1 0
0 1
]}
,
G2(P1) =
{[
1 0
0 1
]
,
[
1 0
0 −1
]
,
[
i 0
0 1
]
,
[
i 0
0 −1
]}
,
BsP1+
∑
σ∈G1
σ(P2) = (4Q−i+4Q−1+4Q0+4Qi+4Q∞+3Q1)+(Q1+Qξ+Qξ2+Qξ3+Qξ4),
BsP2 +
∑
τ∈G2
τ(P1) = (Qξ +Qξ2 +Qξ3 +Qξ4) + (4Q−i +4Q−1 +4Q0 +4Q1 +4Qi + 4Q∞).
Therefore, conditions (c) and (d) in Theorem 1 are satisfied, and there exists a birational
embedding ϕ : P1 → P2 of deg(ϕ(P1)) = 28 such that ϕ(P1), ϕ(P2) are different non-
smooth Galois points, Gϕ(P1)
∼= Z/5Z, Gϕ(P2)
∼= S4, and ϕ(P1)ϕ(P2) is not a tangent line
at ϕ(P2). By Proposition 2 (1) and (2), mϕ(P1) = 23 and mϕ(P2) = 4. By the shape of
the divisor BsP1 , the second order at the point Q1 is equal to |G2(P1)| − |G1(P2)| = 3.
Therefore, ϕ(P1)ϕ(P2) is the osculating line at Q1 by Proposition 2 (3) and (4), and
ϕ(P1)ϕ(P2) is a tangent line at ϕ(P1). 
Remark 8. By the calculation of the divisor in the above proof, we have the second or the
third order at each point contained in supp(ϕ∗ϕ(P1)ϕ(P2)). We use the same notations
in the proof of Theorem 3.
(a) For the curve (1) in the proof of Theorem 3, the second order is equal to 2 at each
point Q ∈ O.
(b) For the curve (2) in the proof of Theorem 3, the second order is equal to 2 (resp.
1) at each point Q ∈ O \ G1 · P2 (resp. Q ∈ G1 · P2), and the third order is equal
to 2 at Q1.
(c) For the curve (3) in the proof of Theorem 3, the second order is equal to 4 (resp.
3, 1) at each point Q ∈ O\G1 ·P2 (resp. at Q1, at each point Q ∈ (G1 ·P2)\{Q1}),
and the third order is equal to 4 at Q1.
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